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Abstract 
In this note, it is shown that the technique mployed by Osterweil in producing uniquely 
3-colorable graphs can be extended to the case of uniquely n-colorable graphs for n t> 4. 
An n-coloring of a graph G is a function that maps the vertices of G onto the set 
{1,2 . . . . .  n} such that the images of any two adjacent vertices are different. An 
n-chromatic graph is one that admits an n-coloring with n minimum. Let G be an 
n-chromatic graph and let Aut(G) denote its automorphism group. In [-4], two 
colorings q~ and ~b of G are said to be equivalent if there exist a a~Aut(G) and an 
n-permutation n such that q~ o tr = n o q/. A graph is then called uniquely n-colorable if
all the n-colorings are equivalent. Note that this definition differs from the usual 
definition (see for example [1, 3]) in that, in the latter case, the condition of the action 
of the automorphism group has been dropped. To distinguish this from the usual 
definition, we shall add the phrase under the action of its automorphism group, or just 
under Aut(G). 
Let n i> 2 be an integer. A complete 2n-clique ring is a graph consisting of the 2n 
cliques Co, C1 . . . . .  C2,- 1 such that every vertex of Ci is adjacent o every vertex of Cj 
when (i) j= i+ 1, i=0 ,1 , . . . ,2n -1 ,  or (ii) i---2k, j=21,  k=0,1  . . . . .  n -  1, 
l = k + 2, k + 3 . . . . .  k + n - 2. Here, all the calculations on the subscripts are done 
modulo 2n. A schematic representation f a complete 10-clique ring is given in Fig. 1, 
where an edge between C~ and C~ means that every vertex of C~ is adjacent o every 
vertex of Cj. Note that the schematic representation f a complete 2n-clique ring can 
be obtained from that of a complete graph on n vertices by taking a Hamilton cycle in 
it and insert a vertex on each edge of this cycle. 
In [4], Osterweil gave a necessary and sufficient condition for the complement of 
a complete 6-clique ring to be uniquely 3-colorable under the action of its automorphism 
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Fig. 1. Schematic representation f a complete 10-clique ring. 
group. He also remarked that the same technique seems applicable to the study of 
uniquely n-colorable graphs G under Aut(G) for n ~> 4. The purpose of this note is to 
show that this is in fact the case. 
Let G be a complete 2n-clique ring with cliques Co, C1 . . . . .  C2,- 1. We shall show 
that G, the complement of G, is n-chromatic. Since the vertices in C,, Cs, ..., C2,- 1 
form a complete n-partite subgraph in (7, the chromatic number of G is at least n. Let 
i be such that 0 -%< i -%< n - 1. We observe that C2~ and C2j form a complete bipartite 
subgraph of G if and only ifj = i - 1 or j  = i + 1. Also, C2i and C2~+ 1form a complete 
bipartite subgraph of G if and only ifj ~ i - 1 and j # i. Consequently, an n-coloring 
of G may be obtained as follows: color the vertices of C2~ and C2~+1 with color i, 
i -- 0, 1 . . . .  , n - 1. Denote this n-coloring by ~0. Another n-coloring ~, of G is obtained 
by coloring the vertices OfCEi  + 1 and C2i+2 with color i, i = 0, 1 . . . . .  n -- 1. To see that 
these are the only two n-colorings of G, we note that, since G is n-chromatic, any 
n-coloring of G must map all the vertices in the clique onto the the same color, and 
that if the clique C2~ + 1 is mapped onto i, then the clique C2~ can only be mapped onto 
either i or (i - 1) mod n. Moreover if CEi is mapped onto i, then only the n-coloring 
q9 is possible; if C2~ is mapped onto ( i -  1)mod n, then only the n-coloring ~, is 
possible. These observations lead to the following. 
Theorem 1. Let H be a complete 2n-clique ring with cliques Co, C1 . . . .  , C2n- 1" Let G be 
obtained from H by deleting all the edges that join the vertices of C~ to the vertices of 
Ci+ 1 for exactly one i where 0 % i <~ 2n - 1. Then the complement of G is uniquely 
n-colorable. 
Proof. Since all the edges that join the vertices of Ci and Ci + 1 are deleted, Ci and Ci + 1 
must be mapped onto different values. Hence only one of the n-colorings ¢p or ~b is 
possible. [] 
Theorem 2 
C1 . . . . .  C5. 
ICil = IC.+ 
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(Osterweil [4]). Let G be a complete 6-clique rin9 with cliques Co, 
Then G is uniquely 3-colorable under Aut(d)  if and only if either 
3) mod 61, 0 ~ i <~ 5 or IGI = ]C(2j-i)mod 6[,for some j such that 1 <. j <~ 3. 
Theorem 3. 
n ~ 3. Then 
for i = O, 1, 
Let G be a complete 2n-clique rin9 with cliques Co, C1 . . . . .  C2,-1, and 
G is uniquely n-colorable under Aut(G) if and only ifl Ci[ = IC(2j-i)rood 2n[ 
... ,2n - 1 and for some j such that 1 <~ j <<, n. 
Proof. We shall establish the sufficiency first. By the previous observations, (~ admits 
at most two n-colorings ¢p and 0 given by 
~0(C2i) ~-- (p (C2 i+ 1) = i, i = 0, 1 . . . .  , n -- 1, (1) 
0(C2 i+1)  = 0(C2 i+2)  = i, i = 0, 1, ... ,n -- 1, (2) 
We need only show that ~o and 0 are equivalent under Aut(G). Assume that j  is such 
that 1 ~< j ~< n. Let a e Aut(G) be such that a interchanges the vertices of Ci with those 
of C2j-i, i = 0, 1 . . . . .  2n - 1. Take n to be the n-permutation that maps i onto 
j - i - 1. Then it is routine to verify that q~ o a = n o 0. 
To prove the necessity, let ~o and 0 be two n-colorings of G that satisfy (1) and (2). 
Since ~0 and 0 are equivalent under Aut(G), there exist a aeAut (G)  and an n- 
permutation n such that ~0 o a = n o 0. Consequently, ~0 o a(Ci) = ~ ° 0(C~) for 
i = 0, 1, . . . ,  2n - 1. As n is an n-permutation, its inverse ~-  ~ exists and we have 
n -~ocpoa(C~)=0(C i ) ,  i=0 ,1  . . . . .  2n -1 .  As 0 maps C1 and C2 both to 0, 
~-  1 o (p o a must map C1 and C2 both to 0. But since cp(C1) = 0 and q~(C2) = 1, a must 
map the clique pair C1 and C2 onto some clique pair C2~-2 and C2j- 1 for somej  such 
that 1 ~<j~<n. 
Suppose n >/4. Then any automorphism in Aut(G) maps C, onto Cs only if r and 
s are of the same parity. In this case, a(Cx) = C2j-1 and a(C2) = C2j-2. Since C2 is 
not adjacent to C3 in G, it follows that a(C3) = C2j-3. We may then argue in an 
inductive manner that a(C~) = C2j-i, i = 0, 1, ... ,2n - 1. 
Suppose n = 2. Then either a(C~)= Co and a(Cz)= CI which imply that 
a(C3) = C2 and a (Co)= C3, or else a (C1)= C1 and a(Cz)= Co which imply 
a(C3) = C3 and a(Co) = CE. In either cases, the necessary condition is satisfied. 
This completes the proof. []  
Remark. Incidentally, it is of interest to note that those graphs that satisfy the 
conditions of Theorems 2 and 3 have been called nearly uniquely n-colorable in [2]. 
A graph is called nearly uniquely n-colorable if it is n-chromatic and there are precisely 
two ways of partitioning its vertex set into n independent subsets, up to permutation 
of these independent subsets. 
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